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1. INTRODUCTION 
Let A be a noetherian ring and I an ideal of A. Simis [7] posed the 
following question: if Torf(Z, A/Z) is an A/Z-free module, what consequen- 
ces are brought on I? 
In the present article we consider this question in local noetherian rings. 
Our purpose is to give some reasonable additional conditions which ensure 
that Z is generated by a regular sequence. 
The paper is divided into two parts. The first one is devoted to obtaining 
the following result: 
THEOREM 1. Let Z be an ideal of finite homologicaI dimension in a 
noetherian local ring A. Assume that the residue field of A has characteristic 
# 2. Then, the following statements are equivalent 
(i) Z is generated by a regular sequence, 
(ii) To$(Z, A/Z) is an AfZ-free module. 
In the second part we deal with syzygetic ideals. Simis and Vasconcelos 
[a] have introduced for any ideal, Z, of finite type in a ring A, an A/Z- 
module 6(Z), which is an invariant of I. The ideal Z is said to be syzygetic if 
6(Z) vanishes. Taking into account a result of Andre [l] it is easy to show 
that 6(Z) is isomorphic to H,(A, A/Z, A/Z), the second AndrbQillen 
homology of the A-algebra A/Z (see Cl]). This identification enables us to 
obtain a globalization of a result of Micali and Roby [S]. We also study 
the vanishing of H,(A, A/Z, M/Z), where A is a noetherian local ring with 
maximal ideal M. Finally, using a technique adapted from some ideas of 
Vasconcelos [9] we prove: 
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THEOREM 2. Let A be a noetherian local ring. Let Z be a syzygetic ideal 
of A whose conormal module Z/Z2 has finite homological dimension as an A/Z- 
module. Zf Tort(Z, A/Z) is an A/Z-free module, then Z is generated by a 
regular sequence provided that Z has height >O. 
2. IDEALS OF FINITE HOMOLOGICAL DIMENSION 
LEMMA 1. Let A be a noetherian local ring and Z an ideal of A. Suppose 
that Z is generated by a regular sequence of length t. Then Torf(Z, A/Z) is an 
A/Z-free module of rank (” 1 I ). 
Proof. Let A;f,‘(Z/Z2) denotes the (n + 1)th exterior power of Z/Z2. The 
A/Z-module Z/Z2 is free of rank t. Moreover, Tor;f(Z, A/Z) and A;;‘(Z/Z2) 
are isomorphic [ 1, Theorem 6.25 and Theorem 14.221. Hence Tor,A(Z, A/Z) 
is an A/Z-free module of rank (n 1 i). 
For an A-module M, let p(M) = minimum number of generators of M. 
LEMMA 2. Let (A, m, K) be a local noetherian ring and M a finitely 
generated A-module such that u(M) > 1. Assume that M A M is a free 
A-module. Then, M is a free A-module. 
Proof: Let n = p(M) = dim,(M@, K). We have (M A M)mA KN 
(MO, K) A (MO, K). Then p(M A M)= (‘;). Let {x1,..., x,} be a system 
of generators of M. The set {xi A xj/l < i < j< n} is a system of (;) 
generators of the free A-module A4 A M, and therefore is a basis of M A A4. 
This implies that {xi,..., x,} is a basis of M. Given a relation C; aixi = 0, 
ai E A, we have 
A x1 =i a,(x, A x,), hence ai = 0, i = 2 ,..., n, 
1 
A x2=tai(x, A x2), hence aI = 0. 
1 
Proof of Theorem 1. The implication (i) + (ii) follows from Lemma 1. 
Conversely, suppose that Tor<(Z, A/Z) is A/Z-free. If p(Z/Z’) = 1, then 
,u(Z) = 1. Since Z contains a non-zero divisor, it follows that Z= (x) where x 
is a non-zero divisor. Assume that p(Z/Z2) > 1. Since the characteristic of 
the residue field is 22, i.e., 2 is invertible in A, we have that Z/Z2 A Z/Z2 is a 
direct summand of Tor:(Z, A/Z) [S, p. 2061. Using Lemma 2 we obtain that 
Z/Z2 is a free A/Z-module and the result follows from [ 10, Corollary 11. 
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3. ON THE HOMOLOGY OF THE CONORMAL MODULE OF 
A SYZYGETIC IDEAL 
Let A be a ring and Z an ideal, of finite type, in A. The A/Z-module 6(Z) is 
defined as follows (see [S] ). Let a, ,..., a, be a system of generators of I. 
Let F be an A-free module of rank n and e,,..., e, a basis of F. Let F-t+ Z 
be the epimorphism determined by ei++ a;. Let H, denotes the first 
Koszul homology module on the generators a,, . . . . a, of I. Then 
6(Z) = Ker(H, + F/IF). 
On the other hand, if W is an A/Z-module, then there exists an exact 
sequence [1, Proposition 15.123 
O+H,(A,A/Z, W)-+H1 @A W+FOA W+ZBA W+O. (1) 
It is clear that 6(Z) and H,(A, A/Z, A/Z) are isomorphic. Then, the 
vanishing of H,(A, A/Z, A/Z) characterizes the syzygetic ideals. 
We now suppose that A is a noetherian local ring with maximal 
ideal M and residue field K. The exact sequence of A/Z-modules 
0 + M/Z+ A/Z+ K-+ 0 induces an exact sequence [1, Lemma 3.221 
H,(A, AfZ, M/Z) L H,(A, A/Z, A/Z) -% H,(A, AfZ, K) - 
H,(A, A/Z, M/Z) - H,(A, A/Z, A/Z) - H,(A, A/Z, K) - 0. 
Since H,(A, A/Z, M/Z) = Tor<(A/Z, M/Z), H,(A, A/Z, A/Z) = To$(A/Z, A/Z), 
and H,( A, A/Z, K) = Torf(A/Z, K) [ 1, Proposition 6.11 it is easy to show 
that coker (b) = Tor;4/‘(Z/Z2, K). On the other hand, sequence (1) yields a 
commutative diagram of exact sequences (Fig. 1). Hence ker(g) = 
Tor;4/‘(H,, K). Therefore, we have an exact sequence 
0 -, Torfl’( H, , K) -, H,(A, A/Z, M/Z) -, H,(A, A/Z, A/Z) 
-+ H,(A, A/Z, K) -+ Tor:“(Z/Z2, K) + 0. (2) 
0 0 
I 
HZ(A,A/I,M/I) -S H2(~,~/~,~m 
0 dTor;"(H,,K) ----+ H,IAM/I ____j H, 
0 ___, FPAM/I ------+FPAA/I 
FIGURE 1. 
SYZYGETIC IDEALS 313 
PROPOSITION 1. Let I be an ideal of finite homological dimension in a 
noetherian local ring A. Then the following statements are equivalent 
(i) Z is generated by a regular sequence, 
(ii) H,(A, A/Z, M/Z) = 0. 
Proof The implication (i) * (ii) follows from Theorem 6.25 of [l]. 
Conversely, if H,(A, A/Z, M/I) = 0, then exactness of the sequence (2) 
implies that H, is A/I-free. Hence I is generated by a regular sequence 
[2, Proposition 1.4.91. 
We now give a new proof of a result of Micali and Roby [S, 
Proposition 61. 
PROPOSITION 2. Let Z be an ideal in a noetherian local ring A. Then, Z is 
generated by a regular sequence tf and only if I is syzygetic and III2 is an 
A/I-free module. 
Proof If Z is syzygetic and I/I2 is A/I-free, then exactness of the 
sequence (2) implies H,(A, A/Z, K) = 0. Hence I is generated by a regular 
sequence [1, Theorem 6.251. The converse follows from sequence (2) and 
Theorem 6.25 of [ 11. 
The following result is a globalization of Proposition 2. 
PROPOSITION 3. Let A be a noetherian ring and Z an ideal of A such that 
I is contained in the Jacobson radical of A. Then, I is generated by a regular 
sequence tf and only tf I is syzygetic and I/I2 is A/I-free. 
Proof Let a,, . . . . a,, be elements of Z such that {a, + Z2, . . . . a, + I’} is a 
basis of the A/I-free module Z/Z’. By Nakayama lemma the elements 
a,, . . . . a, generate I. Let YA,,(Z/Z2) denote the symmetric algebra of Z/Z2 and 
gr,(A) the graded ring of I. Since I is syzygetic and I/I2 is A/Z-free, 
the natural homomorphism Y&,(1/Z=) + gr,(A) is an isomorphism 
[l, Corollary 12.31. On the other hand, ,4”,,d1/12) is isomorphic to 
(AIOCX,, . . . . X,]. Hence the homomorphism 4: (A/Z)[X,, . . . . X,] 4 
gr,(A), d(Xi) = a, + I’, is an isomorphism. Therefore Z is generated by a 
regular sequence [4, Proposition 5.121. The converse follows from 
[4, Corollary 5.111 and [l, Theorem 12.41. 
For the rest of this paper A is a local noetherian ring and I a syzygetic 
ideal of A such that hd,,,(l/l=) is finite. 
Let t be the Euler characteristic ot Z/Z2 as an A/I-module. For each 
prime P E Ass,(A/Z), localization at P yields: (Z/Z=), has finite homological 
dimension over ( A/Z)p. Since (A/Z)r is a ring of depth zero we have 
that (Z/1=), is an (A/Z)-free module [3, Theorem 1911. On the other 
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hand, H,(A, A/I, A/I)p = H,(A., A./I,, A./I,) [ 1, Corollary 4.59 and 
Corollary 5.271, so that I, is syzygetic. According to Proposition 2, I, is 
generated by a regular sequence of length t. In particular I is an ideal of 
height ht(I) = t. 
Proof of Theorem 2. The case t = 1 is easy. Assume t > 1. To determine 
the rank of Torf(I, A/I) we may localize at a prime PE Ass,(A/I). As Ip is 
generated by a regular sequence of t elements, Lemma 1 implies that 
Tor$I, A/I) has rank (i). 
Let p(I) = n. Then p(I@, I) = n* and ~(1~) < (“; I). Therefore, the exact 
sequence 
0 + Tor;4(I, A/I) + IOA I+ I* + 0 
yields 
so that tan. Hence ht(I)= p(I). This implies [4, Proposition 5.171 that 
I/I* can be generated by t elements as an A/I-module. Thus I/I2 is A/I-free 
[6, Theorem 13, p. 1183. Using Proposition 2 the theorem follows. 
REFERENCES 
1. M. AND&, “Homologie des Algebres Commutatives,” Springer-Verlag, Heidelberg, 1974. 
2. T. GULLIK~EN AND G. LEVIN, Homology of local rings, in “Queen’s Papers in Pure and 
Applied Math,” Vol. 20, Queen’s University, Kingston, 1969. 
3. I. KAPLANSKI, “Commutative Rings,” Allyn & Bacon, Boston, 1970. 
4. E. KUNZ, “Introduction to Commutative Algebra and Algebraic Geometry,” Birkhauser, 
Boston, 1985. 
5. A. MICALI AND N. ROBY, Algebres symttriques et syzygies, J. Algebra 17 (1971), 460-469. 
6. D. G. NORTHCOTT, Finite free resolutions, Cambridge Tracts in Math. 71 (1976). 
7. A. SIMIS, Koszul homology and its syzygy-theoretic part, J. Algebra 55 (1978), 2842. 
8. A. SIMIS AND W. V. VASCON~ELOS, The syzygies of the conormal module. Amer. J. Mufh. 
103 (1981), 203-224. 
9. W. V. VASCONCELOS, On the homology of Z/Z2, Cornm. Algebra 6 (1978), 1801-1809. 
10. W. V. VASCDNCELOS, Ideals generated by R-sequences, J. Algebra 6 (1967), 309-316. 
